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(i) Answer all questions. (ii) You may freely apply any of the theorems discussed in class.

Q1. (15 marks) Let r and s be the radii of convergence of the power series » > r,2™ and
Yoo g Sna™, respectively. If ¢ is the radius of convergence of the power series > 7 r,s,2",
then prove that t > rs.

Q2. (15 marks) For each n = 1,2, ..., define

2
an T tn

(x € R).
Prove that

> falw)

converges uniformly on any bounded subset of R but does not converge absolutely for any
x e R.

Q3. (15 marks) Does the improper integral

converge or diverge? Justify your answer.

Q4. (15 marks) Suppose the series of real numbers y > a, converges absolutely. Prove that

Yoo g anx™ converges uniformly on [—1, 1] to a continuous function.

Q5. (15 marks) (15 marks) Let f : [0,1] — R be a Riemann integrable function. Prove that

lim fdt/f

rz—1—

Q6. (15 marks) Let {f,} be a sequence of Riemann integrable functions on [a,b] converging

pointwise to a Riemann integrable function f on [a,b]. Prove that
/ f<11m1nf/ fn-

Q7. (20 marks) Let f : [0, 1] — R be a continuous function. Prove that there exists a sequence

F=> pn

of polynomials {p,} such that

converges uniformly on [0, 1].



